In this paper, we obtain some new sharp bounds for the exponential functions whose powers involve hyperbolic functions and circular functions, respectively. MSC: Primary 26D05; 26D15; secondary 33B10
Introduction
In [1] , Stolarsky obtained the bounds for the exponential function whose power involves a hyperbolic function. On the other hand, Pittenger [2] and Stolarsky [3] got the lower bound for the function e x coth x-1 as follows.
Theorem 2 Let x > 0. Then cosh 2x 3 3 2 < e x coth x-1 .
(1.2)
In fact, Zhu [4] and Kouba [5] showed a new sharp lower bound for the function e
x coth x-1 as follows.
Theorem 3 Let x > 0. Then

2(cosh x)
6 5 + 1 3 5 6 < e x coth x-1 . (1.3)
Zhu [6] proved cosh 2x 3 3 2 < 2(cosh x) 6 5 + 1 3 5 6 , x > 0 (1.4) to illustrate that the inequality (1.3) is stronger than (1.2).
It should be pointed out that the paper of Yang et al. [7] has made a great deal of improvement on inequality (1.2). The subject of the present paper is to further study the inequality (1.3), and to obtain the following results.
Theorem 4
Let p = 0, p 1 = (ln(3/2))/(ln(e/2)) = 1.3214 . . . , and x ∈ (0, +∞). The following result which is due to Yang et al. [7] is a straightforward consequence of Theorem 6. Proof Let
Lemmas
where
We compute
where a n = 6(n -2)3 2n + 16n 2 + 26n + 12
We can obtain a n b n = 2 3(n -2)3 2n + 8n 2 + 13n + 6 3(2n -1)3 2n -16n 2 -14n + 3 =: 2s n , n ≥ 2. Now we will prove that {s n } n≥2 is strictly increasing, which means for n ≥ 2 and h(2) = 3231 > 0. This leads to s n < s n+1 for n ≥ 2. So {a n /b n } n≥2 is strictly increasing. By Lemma 2, we know that
is strictly increasing on (0, +∞) by Lemma 1. Since
this completes the proof of Lemma 3.
Lemma 4 Let x > 0, B 2n be the even-indexed Bernoulli numbers (see [10]). Then the following power series expansions:
hold for all x ∈ (-π/2, π/2).
Proof The power series expansion (2.2) can be found in [11, equations 1.3.1.4(3)]. By (2.2) we have
and holds for n = 1, 2, . . . .
Lemma 6 Let z(x) be defined by
Proof Let
we have
From Lemma 4 we obtain
We consider the monotonicity of C(x)/D(x), and compute that
by Lemma 5 we have 
Then we have c n /d n > c n+1 /d n+1 for n ≥ 3 when proving
Now we use mathematical induction to prove (2.7). When n = 3, (2.7) clearly holds. Assuming that (2.7) holds for n = m, that is,
Next, we prove that (2.7) is valid for n = m + 1. By (2.9) we have
in order to complete the proof of (2.7) it suffices to show that
In fact, for m ≥ 3. Similarly, we can prove (2.8). By (2.7) and (2.8) we find that {c n /d n } n≥3 is a monotonic decreasing sequence. Then we arrive at the conclusion that p (x)/q (x) = C(x)/D(x) is decreasing on (0, π/2) by Lemma 2. By Lemma 1 we see that z(x) is decreasing on (0, π/2).
Since
this completes the proof of Lemma 6.
The proofs of main results
The proof of Theorem 4
and
We consider the following three cases. 
this is the double inequality (1.6). Subcase 2.2: p < 0. We have G (x) > 0 by (3.1). In view of G(+∞) = +∞, the left-hand side of inequality (1.5) holds too.
Case 3: 6/5 < p < 2.
and there is the unique point ξ ∈ (0, +∞) such that r(x) < 0 holds for all x ∈ (0, ξ ) and r(x) > 0 holds for all for x ∈ (ξ , +∞). That is, p -1 -l(x) > 0 holds for all x ∈ (0, ξ ) and p -1 -l(x) > 0 holds for all x ∈ (ξ , +∞). By (3.2) and (3.1), we have G (x) > 0 for all x ∈ (0, ξ ) and G (x) < 0 holds for all x ∈ (ξ , +∞). Then
Subcase 3.1: p 1 = (ln(3/2))/(ln(e/2)) < p < 2. In this case, 1 < (2/3)(e/2) p , that is, G(0
. This leads to the left-hand side of inequality (1.5). Subcase 3.2: 6/5 < p < p 1 = (ln(3/2))/(ln(e/2)). In this case, 1 > (2/3)(e/2) p , that is, G(0
. This leads to the left-hand side of inequality (1.6). The proof of Theorem 4 is complete.
The proof of Theorem 6
and The proof of Theorem 6 is complete.
